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today

• building	a	dataset
• types	of	variables
• variable	representation
• train-test	split

• classification
• least	squares
• kNN
• bayes rate
• naïve	bayes

• training	and	testing
• curse	of	dimensionality
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4

data model prediction decision
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first	thing	we	need	to	do:
represent	the	data

building	a	dataset



types	of	variables

numerical	/	quantitative
here,	we	assume	they	are	real-valued

examples:	price,	temperature

categorical
also	known	as:	qualitative	/	discrete	/	factors

examples:	color,	gender,	movie	genre
no	particular	order

ordered	categorical
example:	size	categories	(small,	medium,	large)

there	is	an	order,	but	no	explicit	metric
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dp(Y	=	y |	X	=	x;	Model	M)
for	real-valued	Y

michalis.co/dsc17

p(Y	=	y |	X	=	x;	Model	M)
for	categorically-valued	Y

617.10.2017

how	many	variables	in	X?
what	type?

supervised	learning	tasks



building	a	dataset
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X1 X2 X3 X4 Xp Y

0 1 1 0 0

0 0 0 1 0 1

0 1 0 1 0 2

…

0 0 1 0 1 7

0 0 1 1 0 3

1 0 1 1 0 3

features
independent	variables,

predictors,	inputs

output
dependent	variable(s)

response

da
ta
	p
oi
nt
s
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X1 X2 X3 X4 Xp Y
25 1 1 0 +0.2

52 0 0 1 0 -0.3

230 1 0 1 0 -1.8

…

320 0 1 0 1 -3.2

380 0 1 1 0 -3.1

120 0 1 1 0 -1.1

features
independent	variables,

predictors,	inputs

output
dependent	variable(s)

response

building	a	dataset

da
ta
	p
oi
nt
s



representation
numerical	variables

straightforward,	just	exact	value

categorical	variables
we	often	have	to	represent	values	numerically

we	use	codes,	e.g.,	dummy	variables

dummy	variables
a	categorical	variable	with	K	possible	values

is	represented	as	K	‘dummy	variables’
for	each	data	point:	

only	one	of	them	having	value	1,	the	rest	have	value	0
michalis.co/dsc17 917.10.2017



dummy	variables
age marital	status new_car total damage	in	past	year

28 single yes 200

34 married no 0

67 married no 0

29 divorced yes 500
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age is_single is_married is_divorced new_car total damage	in	past	year

28 1 0 0 1 200

34 0 1 0 0 0

67 0 1 0 0 0

29 0 0 1 1 500



representation

ordered	categorical
we	typically	represent	discrete	values	with	

numerical	values	that	capture	an	underlying	measure

example
small:	0,	medium:	1,	large:	2
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representation

why all	this	discussion	on	representation?
because…

techniques	are	often	designed	
for	the	numerical	case

it	helps	to	think	numerically
for	all	methods
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today

• building	a	dataset
• types	of	variables
• variable	representation
• train-test	split

• classification
• least	squares
• kNN
• bayes rate
• naïve	bayes

• training	and	testing
• curse	of	dimensionality
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classification

three	methods
least	squares

nearest	neighbors
naïve	bayes
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least	squares
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X1

X2

data
features:	X1,	X2

output:	G	(color:	orange or	blue)
100	points for	each	color

task
classify	each	point	(X1,	X2)	

as	orange or	blue



least	squares
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X1

X2

basic	idea
learn	a	line	to	separate	the	two	

classes	as	well	as	possible

how?



least	squares
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X1

X2

represent	the	color	of	the	classes
with	numerical	variable	Y

Y	=	1,	if	G	=	‘orange’
Y	=	0,	if	G	=	‘blue’



least	squares
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X1

X2

suppose	we	have	the	line…

when	a	point	is	…

above	the	line	(Ÿ >=	0.5),
we	classify	it	as	orange

below	the	line	(Ÿ <	0.5),
we	classify	it	as	blue



least	squares
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X1

X2

how do	we	learn	the	line?
we	choose	to	learn	the	line

with	coefficients	β
that minimizes the	

residual	sum	of	squares



least	squares
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X1

X2

4 2. Overview of Supervised Learning

where XT denotes vector or matrix transpose (X being a column vector).
Here we are modeling a single output, so Ŷ is a scalar; in general Ŷ can be
a K–vector, in which case β would be a p×K matrix of coefficients. In the
(p + 1)-dimensional input–output space, (X, Ŷ ) represents a hyperplane.
If the constant is included in X , then the hyperplane includes the origin
and is a subspace; if not, it is an affine set cutting the Y -axis at the point
(0, β̂0). From now on we assume that the intercept is included in β̂.

Viewed as a function over the p-dimensional input space, f(X) = XT β
is linear, and the gradient f ′(X) = β is a vector in input space that points
in the steepest uphill direction.

How do we fit the linear model to a set of training data? There are
many different methods, but by far the most popular is the method of
least squares. In this approach, we pick the coefficients β to minimize the
residual sum of squares

RSS(β) =
N

!

i=1

(yi − xT
i β)2. (2.3)

RSS(β) is a quadratic function of the parameters, and hence its minimum
always exists, but may not be unique. The solution is easiest to characterize
in matrix notation. We can write

RSS(β) = (y − Xβ)T (y − Xβ), (2.4)

where X is an N × p matrix with each row an input vector, and y is an
N -vector of the outputs in the training set. Differentiating w.r.t. β we get
the normal equations

XT (y − Xβ) = 0. (2.5)

If XTX is nonsingular, then the unique solution is given by

β̂ = (XT X)−1XT y, (2.6)

and the fitted value at the ith input xi is ŷi = ŷ(xi) = xT
i β̂. At an arbi-

trary input x0 the prediction is ŷ(x0) = xT
0 β̂. The entire fitted surface is

characterized by the p parameters β̂. Intuitively, it seems that we do not
need a very large data set to fit such a model.

Let’s look at an example of the linear model in a classification context.
Figure 2.1 shows a scatterplot of training data on a pair of inputs X1 and
X2. The data are simulated, and for the present the simulation model is
not important. The output class variable G has the values BLUE or ORANGE,
and is represented as such in the scatterplot. There are 100 points in each
of the two classes. The linear regression model was fit to these data, with
the response Y coded as 0 for BLUE and 1 for ORANGE. The fitted values Ŷ
are converted to a fitted class variable Ĝ according to the rule

Ĝ =

"

ORANGE if Ŷ > 0.5,

BLUE if Ŷ ≤ 0.5.
(2.7)
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ith observation from the N -vector xj consisting of all the observations on
variable Xj . Since all vectors are assumed to be column vectors, the ith
row of X is xT

i , the vector transpose of xi.
For the moment we can loosely state the learning task as follows: given

the value of an input vector X , make a good prediction of the output Y,
denoted by Ŷ (pronounced “y-hat”). If Y takes values in IR then so should
Ŷ ; likewise for categorical outputs, Ĝ should take values in the same set G
associated with G.

For a two-class G, one approach is to denote the binary coded target
as Y , and then treat it as a quantitative output. The predictions Ŷ will
typically lie in [0, 1], and we can assign to Ĝ the class label according to
whether ŷ > 0.5. This approach generalizes to K-level qualitative outputs
as well.

We need data to construct prediction rules, often a lot of it. We thus
suppose we have available a set of measurements (xi, yi) or (xi, gi), i =
1, . . . , N , known as the training data, with which to construct our prediction
rule.

2.3 Two Simple Approaches to Prediction:
Least Squares and Nearest Neighbors

In this section we develop two simple but powerful prediction methods: the
linear model fit by least squares and the k-nearest-neighbor prediction rule.
The linear model makes huge assumptions about structure and yields stable
but possibly inaccurate predictions. The method of k-nearest neighbors
makes very mild structural assumptions: its predictions are often accurate
but can be unstable.

2.3.1 Linear Models and Least Squares

The linear model has been a mainstay of statistics for the past 30 years
and remains one of our most important tools. Given a vector of inputs
XT = (X1, X2, . . . , Xp), we predict the output Y via the model

Ŷ = β̂0 +
p

!

j=1

Xjβ̂j . (2.1)

The term β̂0 is the intercept, also known as the bias in machine learning.
Often it is convenient to include the constant variable 1 in X , include β̂0 in
the vector of coefficients β̂, and then write the linear model in vector form
as an inner product

Ŷ = XT β̂, (2.2)
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4 2. Overview of Supervised Learning

where XT denotes vector or matrix transpose (X being a column vector).
Here we are modeling a single output, so Ŷ is a scalar; in general Ŷ can be
a K–vector, in which case β would be a p×K matrix of coefficients. In the
(p + 1)-dimensional input–output space, (X, Ŷ ) represents a hyperplane.
If the constant is included in X , then the hyperplane includes the origin
and is a subspace; if not, it is an affine set cutting the Y -axis at the point
(0, β̂0). From now on we assume that the intercept is included in β̂.

Viewed as a function over the p-dimensional input space, f(X) = XT β
is linear, and the gradient f ′(X) = β is a vector in input space that points
in the steepest uphill direction.

How do we fit the linear model to a set of training data? There are
many different methods, but by far the most popular is the method of
least squares. In this approach, we pick the coefficients β to minimize the
residual sum of squares

RSS(β) =
N

!

i=1

(yi − xT
i β)2. (2.3)

RSS(β) is a quadratic function of the parameters, and hence its minimum
always exists, but may not be unique. The solution is easiest to characterize
in matrix notation. We can write

RSS(β) = (y − Xβ)T (y − Xβ), (2.4)

where X is an N × p matrix with each row an input vector, and y is an
N -vector of the outputs in the training set. Differentiating w.r.t. β we get
the normal equations

XT (y − Xβ) = 0. (2.5)

If XTX is nonsingular, then the unique solution is given by

β̂ = (XT X)−1XT y, (2.6)

and the fitted value at the ith input xi is ŷi = ŷ(xi) = xT
i β̂. At an arbi-

trary input x0 the prediction is ŷ(x0) = xT
0 β̂. The entire fitted surface is

characterized by the p parameters β̂. Intuitively, it seems that we do not
need a very large data set to fit such a model.

Let’s look at an example of the linear model in a classification context.
Figure 2.1 shows a scatterplot of training data on a pair of inputs X1 and
X2. The data are simulated, and for the present the simulation model is
not important. The output class variable G has the values BLUE or ORANGE,
and is represented as such in the scatterplot. There are 100 points in each
of the two classes. The linear regression model was fit to these data, with
the response Y coded as 0 for BLUE and 1 for ORANGE. The fitted values Ŷ
are converted to a fitted class variable Ĝ according to the rule

Ĝ =

"

ORANGE if Ŷ > 0.5,

BLUE if Ŷ ≤ 0.5.
(2.7)

if	X is	the	Nxpmatrix	with	the	data	features,
and	y is	the	Nx1 output	column	vector…

we	can	write:
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and the fitted value at the ith input xi is ŷi = ŷ(xi) = xT
i β̂. At an arbi-

trary input x0 the prediction is ŷ(x0) = xT
0 β̂. The entire fitted surface is

characterized by the p parameters β̂. Intuitively, it seems that we do not
need a very large data set to fit such a model.

Let’s look at an example of the linear model in a classification context.
Figure 2.1 shows a scatterplot of training data on a pair of inputs X1 and
X2. The data are simulated, and for the present the simulation model is
not important. The output class variable G has the values BLUE or ORANGE,
and is represented as such in the scatterplot. There are 100 points in each
of the two classes. The linear regression model was fit to these data, with
the response Y coded as 0 for BLUE and 1 for ORANGE. The fitted values Ŷ
are converted to a fitted class variable Ĝ according to the rule

Ĝ =

"

ORANGE if Ŷ > 0.5,

BLUE if Ŷ ≤ 0.5.
(2.7)

after	differentiating	for	β,	we	get
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is linear, and the gradient f ′(X) = β is a vector in input space that points
in the steepest uphill direction.

How do we fit the linear model to a set of training data? There are
many different methods, but by far the most popular is the method of
least squares. In this approach, we pick the coefficients β to minimize the
residual sum of squares
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!

i=1

(yi − xT
i β)2. (2.3)

RSS(β) is a quadratic function of the parameters, and hence its minimum
always exists, but may not be unique. The solution is easiest to characterize
in matrix notation. We can write

RSS(β) = (y − Xβ)T (y − Xβ), (2.4)

where X is an N × p matrix with each row an input vector, and y is an
N -vector of the outputs in the training set. Differentiating w.r.t. β we get
the normal equations

XT (y − Xβ) = 0. (2.5)

If XTX is nonsingular, then the unique solution is given by

β̂ = (XT X)−1XT y, (2.6)

and the fitted value at the ith input xi is ŷi = ŷ(xi) = xT
i β̂. At an arbi-

trary input x0 the prediction is ŷ(x0) = xT
0 β̂. The entire fitted surface is

characterized by the p parameters β̂. Intuitively, it seems that we do not
need a very large data set to fit such a model.

Let’s look at an example of the linear model in a classification context.
Figure 2.1 shows a scatterplot of training data on a pair of inputs X1 and
X2. The data are simulated, and for the present the simulation model is
not important. The output class variable G has the values BLUE or ORANGE,
and is represented as such in the scatterplot. There are 100 points in each
of the two classes. The linear regression model was fit to these data, with
the response Y coded as 0 for BLUE and 1 for ORANGE. The fitted values Ŷ
are converted to a fitted class variable Ĝ according to the rule

Ĝ =

"

ORANGE if Ŷ > 0.5,

BLUE if Ŷ ≤ 0.5.
(2.7)

and



least	squares
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X1

X2

what	do	you	think	about	
this	method?



nearest	neighbors
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basic	idea
to	classify	a	point	as
orange	or	blue,

use	the	classes	of	its	
k	nearest	neighbors!

how?

X1

X2



nearest	neighbors
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6 2. Overview of Supervised Learning

the component Gaussians to use, and then generates an observation from
the chosen density. In the case of one Gaussian per class, we will see in
Chapter 4 that a linear decision boundary is the best one can do, and that
our estimate is almost optimal. The region of overlap is inevitable, and
future data to be predicted will be plagued by this overlap as well.

In the case of mixtures of tightly clustered Gaussians the story is dif-
ferent. A linear decision boundary is unlikely to be optimal, and in fact is
not. The optimal decision boundary is nonlinear and disjoint, and as such
will be much more difficult to obtain.

We now look at another classification and regression procedure that is
in some sense at the opposite end of the spectrum to the linear model, and
far better suited to the second scenario.

2.3.2 Nearest-Neighbor Methods

Nearest-neighbor methods use those observations in the training set T clos-
est in input space to x to form Ŷ . Specifically, the k-nearest neighbor fit
for Ŷ is defined as follows:

Ŷ (x) =
1

k

!

xi∈Nk(x)

yi, (2.8)

where Nk(x) is the neighborhood of x defined by the k closest points xi in
the training sample. Closeness implies a metric, which for the moment we
assume is Euclidean distance. So, in words, we find the k observations with
xi closest to x in input space, and average their responses.

In Figure 2.2 we use the same training data as in Figure 2.1, and use
15-nearest-neighbor averaging of the binary coded response as the method
of fitting. Thus Ŷ is the proportion of ORANGE’s in the neighborhood, and
so assigning class ORANGE to Ĝ if Ŷ > 0.5 amounts to a majority vote in
the neighborhood. The colored regions indicate all those points in input
space classified as BLUE or ORANGE by such a rule, in this case found by
evaluating the procedure on a fine grid in input space. We see that the
decision boundaries that separate the BLUE from the ORANGE regions are far
more irregular, and respond to local clusters where one class dominates.

Figure 2.3 shows the results for 1-nearest-neighbor classification: Ŷ is
assigned the value yℓ of the closest point xℓ to x in the training data. In
this case the regions of classification can be computed relatively easily, and
correspond to a Voronoi tessellation of the training data. Each point xi

has an associated tile bounding the region for which it is the closest input
point. For all points x in the tile, Ĝ(x) = gi. The decision boundary is even
more irregular than before.

The method of k-nearest-neighbor averaging is defined in exactly the
same way for regression of a quantitative output Y , although k = 1 would
be an unlikely choice.

k	nearest	neighbors	of	x

numerical	representation
of	class

Y	=	1 or	Y	=	0

if	the	neighborhood	is	…
closest	to	orange	(Ÿ >=	0.5),	we	
classify	the	point	as	orange
closest	to	blue	(Ÿ <	0.5),	
classify	the	point	as blue

Ÿ



nearest	neighbors
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the	plot	on	the	left	is	for	k	=	15

what	happens	when	we	decrease	k?
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k	=	1

it	looks	like	this	fits	better	the	data
should	we	use	k=1,	then?

what	happens	if	we	use
k	=	1 or	k	=	15

on	unseen	(test)	data?



train	and	test	performance
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FIGURE 2.4. Misclassification curves for the simulation example used in Fig-
ures 2.1, 2.2 and 2.3. A single training sample of size 200 was used, and a test
sample of size 10, 000. The orange curves are test and the blue are training er-
ror for k-nearest-neighbor classification. The results for linear regression are the
bigger orange and blue squares at three degrees of freedom. The purple line is the
optimal Bayes error rate.

then generated a N(mk, I/5), thus leading to a mixture of Gaussian clus-
ters for each class. Figure 2.4 shows the results of classifying 10,000 new
observations generated from the model. We compare the results for least
squares and those for k-nearest neighbors for a range of values of k.

A large subset of the most popular techniques in use today are variants of
these two simple procedures. In fact 1-nearest-neighbor, the simplest of all,
captures a large percentage of the market for low-dimensional problems.
The following list describes some ways in which these simple procedures
have been enhanced:

• Kernel methods use weights that decrease smoothly to zero with dis-
tance from the target point, rather than the effective 0/1 weights used
by k-nearest neighbors.

• In high-dimensional spaces the distance kernels are modified to em-
phasize some variable more than others.

test	dataset
10,000	previously	unseen	points

error:	misclassification	rate
(what	fraction	of	data	are	misclassified)

‘degrees	of	freedom’
the	model	has	more	freedom

for	smaller	k

what	do	we	observe?
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optimal Bayes error rate.

then generated a N(mk, I/5), thus leading to a mixture of Gaussian clus-
ters for each class. Figure 2.4 shows the results of classifying 10,000 new
observations generated from the model. We compare the results for least
squares and those for k-nearest neighbors for a range of values of k.

A large subset of the most popular techniques in use today are variants of
these two simple procedures. In fact 1-nearest-neighbor, the simplest of all,
captures a large percentage of the market for low-dimensional problems.
The following list describes some ways in which these simple procedures
have been enhanced:

• Kernel methods use weights that decrease smoothly to zero with dis-
tance from the target point, rather than the effective 0/1 weights used
by k-nearest neighbors.

• In high-dimensional spaces the distance kernels are modified to em-
phasize some variable more than others.

training	error
decreases	with	more	freedom

but	test	error
has	an	optimal	point

and	does	not	go	below	the	‘bayes rate’



bayes rate

bayes classifier
suppose	we	know	the	generative	model	M	of	the	data;

to	minimize	the	misclassification	error,
classify	to	the	most	probable	class
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assign	to	class	g	with
max Pr(G =g|X = x; M) ∝ Pr(g) Pr(X = x | g)

bayes rate
the	misclassification	rate	of	the	bayes classifier



train	and	test	performance
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then generated a N(mk, I/5), thus leading to a mixture of Gaussian clus-
ters for each class. Figure 2.4 shows the results of classifying 10,000 new
observations generated from the model. We compare the results for least
squares and those for k-nearest neighbors for a range of values of k.

A large subset of the most popular techniques in use today are variants of
these two simple procedures. In fact 1-nearest-neighbor, the simplest of all,
captures a large percentage of the market for low-dimensional problems.
The following list describes some ways in which these simple procedures
have been enhanced:

• Kernel methods use weights that decrease smoothly to zero with dis-
tance from the target point, rather than the effective 0/1 weights used
by k-nearest neighbors.

• In high-dimensional spaces the distance kernels are modified to em-
phasize some variable more than others.

X1

X2



naïve	bayes

a.k.a.	“idiot’s	bayes”

popular and	effective despite	its	name

particularly	good	for	settings	with	high	dimensionality
(large	p)
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naïve	bayes

basic	idea
given	a	class	G	=	j,	the	features	are	independent
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p(G = j | X1=x1, X2=x2, …, Xp=xp) ∝ p(G = j) p(X1=x1, X2=x2, …, Xp=xp| G = j) =
= p(G = j) p(X1=x1 | G = j) p(X2=x2 | G = j) … p(Xp=xp| G = j)

p(X2=x2 | G = j) is	estimated	individually	for	each	feature
for	example:

with	a	Gaussian	distribution	if	X	is	numerical
a	histogram if	X	is	categorical



training	and	testing

after	we	train	a	model,	we	want	to	know	how	well	it	
performs	on	new	data	– can	we	use	it	to	make	good	decisions?
example:	what	is	the	class	G	of	data	point	with	features	X?

we	do	this	by	holding	out	a	test	dataset
the	training	and	test	parts	are	chosen	at	random

usually:	80%	train,	20%	test

measure	performance	of	the	model	on	test	data
performance:	a	loss	function	related	to	the	decision
example:	residual	square	error,	misclassification	rate,

likelihood	of	new	data
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example
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X1 X2 X3 X4 Xp Y

0 1 1 0 0 0

0 0 0 1 0 1

0 1 0 1 0 2

…

0 0 1 0 1 7

0 0 1 1 0 3

1 0 1 1 0 3

features
independent	variables,

predictors,	inputs

output
dependent	variable(s)

response

da
ta
	p
oi
nt
s

training
80%

test
20%



what	does	the	test	error	measure

the	generalization error
or	expected	prediction error	(EPE)
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12 2. Overview of Supervised Learning

• k-nearest neighbors assumes f(x) is well approximated by a locally
constant function.

Although the latter seems more palatable, we have already seen that we
may pay a price for this flexibility.

Many of the more modern techniques described in this book are model
based, although far more flexible than the rigid linear model. For example,
additive models assume that

f(X) =
p

!

j=1

fj(Xj). (2.17)

This retains the additivity of the linear model, but each coordinate function
fj is arbitrary. It turns out that the optimal estimate for the additive model
uses techniques such as k-nearest neighbors to approximate univariate con-
ditional expectations simultaneously for each of the coordinate functions.
Thus the problems of estimating a conditional expectation in high dimen-
sions are swept away in this case by imposing some (often unrealistic) model
assumptions, in this case additivity.

Are we happy with the criterion (2.11)? What happens if we replace the
L2 loss function with the L1: E|Y − f(X)|? The solution in this case is the
conditional median,

f̂(x) = median(Y |X = x), (2.18)

which is a different measure of location, and its estimates are more robust
than those for the conditional mean. L1 criteria have discontinuities in
their derivatives, which have hindered their widespread use. Other more
resistant loss functions will be mentioned in later chapters, but squared
error is analytically convenient and the most popular.

What do we do when the output is a categorical variable G? The same
paradigm works here, except we need a different loss function for penalizing
prediction errors. An estimate Ĝ will assume values in G, the set of possible
classes. Our loss function can be represented by a K ×K matrix L, where
K = card(G). L will be zero on the diagonal and nonnegative elsewhere,
where L(k, ℓ) is the price paid for classifying an observation belonging to
class Gk as Gℓ. Most often we use the zero–one loss function, where all
misclassifications are charged a single unit. The expected prediction error
is

EPE = E[L(G, Ĝ(X))], (2.19)

where again the expectation is taken with respect to the joint distribution
Pr(G, X). Again we condition, and can write EPE as

EPE = EX

K
!

k=1

L[Gk, Ĝ(X)]Pr(Gk|X) (2.20)

residual	square	error

misclassification	error

expectation	is	taken	over	the	
joint	distribution	of	X	and	Y

10 2. Overview of Supervised Learning

• Local regression fits linear models by locally weighted least squares,
rather than fitting constants locally.

• Linear models fit to a basis expansion of the original inputs allow
arbitrarily complex models.

• Projection pursuit and neural network models consist of sums of non-
linearly transformed linear models.

2.4 Statistical Decision Theory

In this section we develop a small amount of theory that provides a frame-
work for developing models such as those discussed informally so far. We
first consider the case of a quantitative output, and place ourselves in the
world of random variables and probability spaces. Let X ∈ IRp denote a
real valued random input vector, and Y ∈ IR a real valued random out-
put variable, with joint distribution Pr(X, Y ). We seek a function f(X)
for predicting Y given values of the input X . This theory requires a loss
function L(Y, f(X)) for penalizing errors in prediction, and by far the most
common and convenient is squared error loss: L(Y, f(X)) = (Y − f(X))2.
This leads us to a criterion for choosing f ,

EPE(f) = E(Y − f(X))2 (2.9)

=

!

(y − f(x))2Pr(dx, dy), (2.10)

the expected (squared) prediction error . By conditioning∗ on X , we can
write EPE as

EPE(f) = EXEY |X

"

[Y − f(X)]2|X
#

(2.11)

and we see that it suffices to minimize EPE pointwise:

f(x) = argmincEY |X

"

[Y − c]2|X = x
#

. (2.12)

The solution is
f(x) = E(Y |X = x), (2.13)

the conditional expectation, also known as the regression function. Thus
the best prediction of Y at any point X = x is the conditional mean, when
best is measured by average squared error.

The nearest-neighbor methods attempt to directly implement this recipe
using the training data. At each point x, we might ask for the average of all

∗Conditioning here amounts to factoring the joint density Pr(X, Y ) = Pr(Y |X)Pr(X)
where Pr(Y |X) = Pr(Y, X)/Pr(X), and splitting up the bivariate integral accordingly.



the	curse	of	dimensionality
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why	not	just	use	k-nearest-neighbors	for	classification?
by	simply	looking	at	the	local	neighborhood	of	a	data	point,

we	can	guess	its	class

because…
the	curse	of	dimensionality kicks	in

basically:
in	high	dimensions,	a	‘local’	neighborhood

is	not	very	‘local’	anymore



the	curse	of	dimensionality

consider	a	unit	cube C of	p	dimensions

consider	also	a	sub-cube S
within	the	unit	cube
S	has	side-length	d

how	large	must	d be	so	that	S
has	at	least	a	fraction	f of	C’s	volume?

try	first	for	p	=	1
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2.5 Local Methods in High Dimensions 15
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FIGURE 2.6. The curse of dimensionality is well illustrated by a subcubical
neighborhood for uniform data in a unit cube. The figure on the right shows the
side-length of the subcube needed to capture a fraction r of the volume of the data,
for different dimensions p. In ten dimensions we need to cover 80% of the range
of each coordinate to capture 10% of the data.

distance from the origin to the closest data point is given by the expression

d(p, N) =
!

1 −
1

2

1/N"1/p
(2.24)

(Exercise 2.3). A more complicated expression exists for the mean distance
to the closest point. For N = 500, p = 10 , d(p, N) ≈ 0.52, more than
halfway to the boundary. Hence most data points are closer to the boundary
of the sample space than to any other data point. The reason that this
presents a problem is that prediction is much more difficult near the edges
of the training sample. One must extrapolate from neighboring sample
points rather than interpolate between them.

Another manifestation of the curse is that the sampling density is pro-
portional to N1/p, where p is the dimension of the input space and N is the
sample size. Thus, if N1 = 100 represents a dense sample for a single input
problem, then N10 = 10010 is the sample size required for the same sam-
pling density with 10 inputs. Thus in high dimensions all feasible training
samples sparsely populate the input space.

Let us construct another uniform example. Suppose we have 1000 train-
ing examples xi generated uniformly on [−1, 1]p. Assume that the true
relationship between X and Y is

Y = f(X) = e−8||X||2,

without any measurement error. We use the 1-nearest-neighbor rule to
predict y0 at the test-point x0 = 0. Denote the training set by T . We can



the	curse	of	dimensionality
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(Exercise 2.3). A more complicated expression exists for the mean distance
to the closest point. For N = 500, p = 10 , d(p, N) ≈ 0.52, more than
halfway to the boundary. Hence most data points are closer to the boundary
of the sample space than to any other data point. The reason that this
presents a problem is that prediction is much more difficult near the edges
of the training sample. One must extrapolate from neighboring sample
points rather than interpolate between them.

Another manifestation of the curse is that the sampling density is pro-
portional to N1/p, where p is the dimension of the input space and N is the
sample size. Thus, if N1 = 100 represents a dense sample for a single input
problem, then N10 = 10010 is the sample size required for the same sam-
pling density with 10 inputs. Thus in high dimensions all feasible training
samples sparsely populate the input space.

Let us construct another uniform example. Suppose we have 1000 train-
ing examples xi generated uniformly on [−1, 1]p. Assume that the true
relationship between X and Y is

Y = f(X) = e−8||X||2,

without any measurement error. We use the 1-nearest-neighbor rule to
predict y0 at the test-point x0 = 0. Denote the training set by T . We can

the	answer	is…

for	p	=	10	dimensions,	we	need	
to	have	side	length	0.8	to	cover	

10%	of	the	volume

local	methods	like	kNN do	
not	work	well	for	high	

dimensionality
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